This paper provides a new stability criterion for vibrating systems with timeinvariant uncertain delays. Based on an improved upper bound for the inner product of two vectors, a new delay-dependent robust stability criterion is derived. The maximal value of time delay can be obtained by using the LMI control toolbox of Matlab. According to the new method, the maximal delay varying with the parameters of the system is discussed for an SDOF system and the optimal value of the weighting matrix R is found for an MDOF system respectively. Within the interval of permitted time delay, the classical LQR controller can receive satisfactory effects.
INTRODUCTION
Feedback controllers have been widely implemented in the active control of vibration. As a result, unavoidable time delays frequently appear in the controlled mechanical or structural systems, especially in hydraulic actuators such as those used in the active suspensions of ground vehicles and active tensioners of tall structures [1] . These time delays, albeit very short, impair the control performance or even cause instability of the system, because the actuators may input energy at the exact moment when the controlled systems do not need it.
Over the last few decades, many studies have been carried out on the stability analysis of dynamic systems involving various time delays. These current stability criteria can be classified into two categories according to whether the stability depends on time delays or not, i.e., time-dependent stability and time-independent stability respectively. In general, the criteria for delay-independent stability are simpler than those for delay-dependent stability and the system is asymptotically stable for arbitrary time delay. Hence, they have received much attention over the past decades. As the simplest case, systems with a single time delay have been intensively studied and the time-independent stability criteria in terms of pure mathematical parameters have been given in [2, 3] . The reference [4] enables one to gain an insight into the delay-independent stability of a class of single-degree-of-freedom systems with one or two time delays in the state feedback. Wang [5] develops a systematic approach to the delay-independent stability analysis for a linear retarded dynamic system of multiple-degrees-of-freedom.
From a practical point of view, the stability independent of time delays may be excessively restrictive. Most controlled systems are stable only for bounded time delays. Thereupon, if an unknown delay term is constant and bounded, delaydependent stability criteria have been proposed in [6] [7] [8] [9] [10] . Even though these criteria improve the stability margins compared to delay-independent ones, it is too difficult to complete the complicated computation for applications in engineering. There is clearly a problem to develop more efficient and convenient stability criteria for retarded dynamic systems with bounded unknown time delays.
The aim of this paper is to provide a new stability criterion for vibrating systems in state feedback with time-invariant uncertain delay in the state feedback. Based on an improved upper bound for the inner product of two vectors, the new delaydependent robust stability is derived from a Lyapunov function in Section 2. To illustrate the approach, a detailed delay-dependent stability analysis is given in Section 3 for a vibrating structure with delay optimal control in the case of SDOF and MDOF systems. In the computation of the examples, the LMI control toolbox of Matlab was used, so the stability analysis became very simple and the maximal time-delay was obtained. The variation of the maximal delay with system parameters is discussed and the optimal weighting matrix R in a classical LQR controller is found. Finally, some concluding remarks are made in Section 4.
STABILITY ANALYSIS OF RETARDED DYNAMIC SYSTEMS
Consider the delay-dependent stability analysis of a linear delay dynamic feedback system
(1) where x = [x 1 , x 2 , ... ,x n ] = an n-dimensional vector; A and B = (n ´n) matrices respectively; t denotes the time variable and h is the time delay.
The underlying idea in providing delay-dependent criteria has been to use the following inequality: given a, b Î R n where a T indicates the transpose of a. X Î R n´n denotes any positive definite matrix. In this case, the upper bound of (-2a
is always greater than or equal to zero. Therefore, if it holds that the upper bound h 1 is not a good estimate. To improve the upper bound of (-2a T b), we shall introduce another free matrix M Î R n´n , so that Therefore, we finally have the relation where clearly h 2 £ h 1 . Modifying this result yields the following lemma [11] . Lemma: Assume that and are given for a Î W. Then, for any positive definite matrix and any matrix , the following holds:
where (2, 2) denotes (M T X + I)X -1 (XM + I).
Based on this lemma, the following section will show our main results. 
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JOURNAL OF LOW FREQUENCY NOISE, VIBRATION AND ACTIVE CONTROL
Theorem: Assume that an uncertain time-invariant delay lies
Then if there exist P > 0, Q > 0, V > 0, and W such that (3) where then the system is asymptotically stable. In this case, the Lyapunov function can be constructed as (4) where
radially unbounded with respect to x(t). Now consider its derivative
Since it holds that (5) Eq. (1) can be written as (6) and thus the derivative of V 1 satisfies the relation Defining a(×) and b(×) in Eq. (2) as, for all a Î [t -h, t] and using the Lemma will supply With some effort, we can show that Eq. (3) guarantees the negativeness of V Ç whenever neither x(t) nor x(t -h) is zero, which immediately implies the asymptotic stability of the system. By using the LMI (linear matrix inequality) control toolbox in Matlab, the maximal h -can be obtained easily according to Eq. (3).
ILLUSTRATIVE EXAMPLES
The feedback gains of controllers are usually designed according to well-developed control strategies, say optimal control neglecting the time delay in the controllers and actuators. One may wonder whether the control system is stable if a timeinvariant uncertain delay appears in the feedback and whether the system stability is robust with respect to small variation of the feedback gains and so forth.
An SDOF System with Delay Optimal Controller
Consider the following SDOF system with no time delay (7) where x is the history of displacement, w 0 is the natural frequency, x 0 is the damping ratio, p(t) is the external excitation and u(t) is the control force.
In the state space, we have (8) where
When the classical LQR control method is used, the optimal control law can be obtained by minimizing the following performance index (9) where the weighting matrix Q -is a (2 ´2) positive-semidefinite matrix, the weighting coefficient R -is a positive scalar.
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The optimal control law can be obtained as (10) where k 1 and k 2 are the feedback gains of displacement and velocity, respectively. Substituting Eq. (10) into Eq. (8), we can obtain the active state feedback system (11) where However, in an actual active control system, the unavoidable time delay term turns the ordinary differential Eq. (11) to the underlying differential-difference one (12) where h is the time delay.
To analyze the stability of a steady state motion Y(t) of the system, one can study the equation that governs the small vibration DY(t) around Y(t)
Then Eq. (13) has the same form with Eq. (1). We can use the method proposed in Section 2 to determine whether the system (13) is asymptotically stable.
Example 1
Consider the SDOF structure with the natural frequency w 0 = 2p and the damping ratio x 0 = 0.02. The external excitation is the EL Centro earthquake wave. Maximum acceleration of the earthquake is adjusted to be x¨g max (t) = 0.12g and the earthquake episode is 8s. Fig. 1 . We can observe that the longer the delay is the worse the efficiency of the control strategy. But the system is still asymptotically stable so long as the time delay lies in [0, h -]. Figure 2 indicates the maximum response and maximum control force varying with time delay under the EL Centro earthquake wave. When the time delay gets close to h -, the response and the control force increase quickly, and diverge at the point of maximal permitted time delay. Figure 3 shows the value of h -varying with the system parameters of w 0 and x 0 .
A MDOF System with Delay Optimal Controller
In order to demonstrate the applicability of the new stability criteria to higher dimensional systems with delay feedback, we now pay attention to a general, linear building structure modelled by an n-degree-of-freedom lumped mass-spring-dashpot system. The matrix equation of motion of the structural system, subjected to horizontal earthquake ground acceleration x¨g(t), is written as
where X = [x 1 , x 2 , ... , x n ] T = an n-dimensional vector of inter-storey drifts with x i being the drift of a designated ith storey unit, i = 1 ~ n; M, C and K = (n ´n) mass, damping and stiffness matrices, respectively; H = a (n ´r) matrix denoting the location of r controllers; D = -[m 1 , m 2 ,×××, m n ] T = an n-dimensional vector with m i being the mass of a designated ith storey unit. The superscript T indicates vector or matrix transpose. U(t -h) = an r-dimensional vector of controllers, in which h is the time delay.
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Vol. In the state-space representation, Eq. (14) becomes (15) where Z(t) = a 2n-dimensional state vector; A = a (2n´2n) system matrix and E = a 2n-dimensional vector, respectively, given by
In the design of the optimal controller using the classical LQR method, external excitation can be neglected. We can design the optimal controller for the following linear steady system without time delay (16) The performance index is given by (17) in which Q Î R 2n´2n is a positive-semidefinite symmetric matrix and R Î R r´r is a positive-definite symmetric matrix. Assuming matrix S Î R 2n´2n is the solution of the following Riccatti matrix equation (18) Hence, the steady-state optimal controller can be obtained as (19) This optimal controller makes the performance index J attain minimum. Thus, the variational equation of a control system involving time delay such as Eq. (13) is (20) where B -1 = -BL. Now, we can obtain the value of h -based on the time-dependent stability criteria.
Example 2
To demonstrate the application of the proposed method and its performance, simulation results for a linear building are presented in this section. A three-storey model studied by Yang et al. [12] is considered as shown in Fig. 4 , in which every storey unit is identically constructed. The mass, stiffness and damping coefficient of each storey unit is m i = 1000kg, k i = 980kN/m and c i = 1.407kN s/m, respectively (i = 1 ~ 3). An ABS (active bracing system) is installed in the first-storey unit as shown in Fig. 4 . The EL Centro earthquake is used as the input excitation and scaled to maximum accelerations of 0.12g. The earthquake episode is 8s. When the gain matrix Q is Figure 3 The value of hbar varing with system parameters.
chosen to be Q = diag ([1, 1, 1, l, l, l] ), whereas the scalar R is chosen to be R = 0.4 ´10 -8 , the maximum value of h -is 0.028 sec by using the new criteria.
In practical engineering, the value of the scalar R is more important than that of the matrix Q. The price of control will be reduced when the scalar R is magnified. At the same time, the control force becomes smaller. But the control force cannot be too small, this will cause lose of control efficiency.
On the basis of this method we summarize the maximal h -according to different values of the scalar R in Table I with a fixed matrix of Q and the parameters of the building structure given in Example 2. From Table I , we can observe that when R = 0.21 ´10 -7 , the proposed stability criterion fails to calculate the maximal h -. Figure 5 indicates that when R £ 0.4 ´10 -8 , the classical LQR controller can operate satisfactorily within the interval of the permitted time delay. Once the time delay exceeds the permitted range, the control system diverges. When R 0.5 ´10 -8 , even when the time-delay exceeds the permitted delay range, the control system does not diverge. It is suggested that the stability criterion becomes invalid. In fact, the reason is that the control force is too small to control the system. The figure about the response under the invalid case is omitted for convenience. In general, engineers wish to achieve the larger value of R, the longer h -and more effective control. So, on all accounts, the optimal value of the scalar R is R = 0.4 ´10 -8 . Maximum response and maximum control force varying with time delay under R = 0.4 ´10 -8 are shown in Fig. 6 . We can see, when h = 0.02 sec, the maximum control force reaches the minimum value. This is helpful for engineering design.
CONCLUSIONS
This paper shows that there exists a novel criterion of the delay-dependent stability of linear, vibrating systems with unknown-invariant time delays in state feedback. With the help of this criterion, it is quite straightforward to check the stability of a given system. To complete the stability test, one needs only to do some computations through the LMI control toolbox in Matlab based on the approach. The maximal value of time delay can be obtained. The criterion is applicable to the theoretical analysis for the delay-dependent stability of an MDOF vibrating system as well as SDOF system. The longer the delay the worse will be the efficiency of control strategy. But the system is still asymptotically stable so long as the time-delay lies in Figure 4 Building model with ABS. Figure 5
Response time histories of the third storey unit under different cases of R and h.
method, the optimal value of weighting coefficient R in a classical LQR controller is found for, an MDOF system. The proposed stability criterion can be used to calculate the maximal permitted time-delay. In other words, when the time delay exceeds the limit, the control system will diverge. So, we should develop more efficient time delay compensation technology, for example, the phase shift method [13] , etc. to reduce the influence of time delay.
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